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A theoretical method for sphere-to-sphere radiative heat exchange is implemented for silica, lithium fluoride, and

arsenic selenide nanospheres of equal and unequal radii. The method is extended to approximate a sphere-to-plane

geometric configuration via an asymptoticmethod. The asymptoticmethod calls for an iterative process bywhich the

radiative exchange is continuously calculated up to convergence while increasing one microsphere radius. These

results are compared with previously published theoretical approximations and experimental data.

Nomenclature

b = Wein’s displacement constant, 2:898 � 10�3 m � K
E = electric field, V=m
��GE = electric dyadic Green function, 1=m
��GM = magnetic dyadic Green function, 1=m
H = magnetic field, V=m
ℏ = Dirac constant, 1:055 � 10�34 J � s
J = current density, A=m2

kb = Boltzmann constant, 1:381 � 10�23 J=K
r = point location, m
T = temperature, K
V = volume
� = Dirac delta function, 1=m
�lm = Kronecker delta, unitless
"0 = permittivity of a vacuum, 8:854 � 10�12 F=m
"00 = imaginary part of dielectric function, unitless
� = mean energy of Planck oscillator, J
� = wavelength in vacuum, m
�0 = permeability of vacuum, 4� � 10�7 H=m
! = angular frequency, rad=s

Subscripts

i = first Cartesian component
j = second Cartesian component
max = maximum

I. Introduction

W HEN two bodies exchanging radiation at a dominant wave-
length � are at a distance � apart or less, near-field radiation

effects are observed. Since the separation distance is based on
wavelength, it is also dependent on temperature, as described by
Wein’s displacement law. Wein’s displacement law states that the
dominant wavelength of radiative emission is inversely proportional
to the temperature of the body according to the formula

�max �
b

T
(1)

Here, Wein’s displacement constant b is equivalent to 2:898�
10�3 m � K. As the temperature of the bodies increases, the dominant

wavelengths of radiative exchange become shorter. This means that
the near-field domination distance between the two bodies decreases
as the temperature increases. Traditional radiative heat transfer
equations that are used to describe typical macroscale heat exchange
neglect near-field radiation. This is an accurate representation when
the bodies are farther apart than �, which is the case in most
macroscopic situations. However, at the nanoscale, when radiative
transfer often includes near-field effects, these equations are no
longer applicable. The radiative exchange is underpredicted by
traditional radiative heat transfer equations.

Discussion of the limits of the laws of macroscopic heat transfer
was published in [1]. Recently, there has been significant interest and
advancements in describing radiative exchange including near-field
effects [1,2]. Near-field radiative exchange occurs because of
evanescent waves. Thesewaves occur at the boundary of thematerial
but rapidly decay as the distance away from the boundary increases.
When a second body is brought near enough to the first body such
that the evanescent wave has not yet decayed, the evanescent
wave can tunnel into the second body. This radiation tunneling
phenomenon generates the near-field energy transfer. An editorial
overview of micro/nanoscale radiative heat transfer work is
conducted in [3]. The radiative transfer of two semi-infinite bodies at
nanometric distances is investigated in [4]. Equations that define
radiative heat transfer between two spherical nanoparticles assuming
dipole point sources, electromagnetic energy density near a surface,
and the near-field radiative transfer between two planar surfaces are
covered in [1]. A solution for radiative exchange including near-
field effects beyond the dipole approximation is developed for two
spherical bodies by Narayanaswamy and Chen [5]. Also included is
an application of this solution to calculate the exchange between two
silica microspheres of equal radii. Results of this method are
compared with experimental data in [6]. The fields are written in
terms of dyadic Green’s function (DGF). The fluctuation dissipation
theorem (FDT) is used and covered in detail in [7–9]. A more in-
depth look at DGFs is found in [10–12]. Bessel functions are used
to express various equations mathematically. Details of Bessel
functions are found in [13–15]. A look at the thermal emission and
exchange among an ensemble of spheres is examined in [16].

In this paper the procedure presented by Narayanaswamy and
Chen [5] is used. For verification purposes and to ensure that the
procedure was being properly applied, the silica microsphere of the
equal-radii case from [5] was duplicated. The next step was to look
at additional cases that had not been investigated. The smaller
nanoscale regime was investigated. It has been stated by [5] that this
regime can be approximated adequately by the dipole approxi-
mation. Wewould expect the dipole approximation to yield approxi-
mately the same values as those presented here. A comparison of the
two methods was done and included in the Results section. Results
agree for most of the gap range. As the gap decreased for the range of
radii of spheres investigated in this paper, the accuracy also seemed to
decrease. The more rigorous procedure in [5] is used in this paper in
order to attain increased accuracy in these lower gap ranges, as well
as to gain increased familiarity with themethod. The procedure in [5]
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was also applied to spheres of unequal radii. In addition to silica, the
authors investigated other materials in the sphere-to-sphere config-
uration. An analysis was also done of the sphere-to-plane geometric
configuration. This paper presents the results using a new asymptotic
method. This was done by taking the sphere-to-sphere case and
calculating the radiative exchange iteratively. The radius of one
sphere was iteratively increased with the radiative exchange
recalculated each time. This process was continued until the value
calculated did not change significantly. These results were compared
with experimental results acquired by Narayanaswamy et al. [6].
Theoretical results were also presented in [6] but by a different
method. In [6], the theoretically calculated sphere-to-sphere radiative
exchange curve was fit to the experimental data by adjusting a
multiplier and adding an adjusted constant. The asymptotic method
results in this work more closely match the experimental data. The
work presented in this paper is done to contribute to the under-
standing of near-field radiative exchange, which has applications in
nanomanufacturing, near-field thermal photovoltaic devices, and
nanostructure imaging [17].

II. Formulation

We aim to calculate the Poynting vector E �H from the electro-
magnetic wave fields E and H to determine the spectral radiative
exchange between spheres. These electromagnetic wave fields deal
directly with emission of thermal radiation. We can then integrate
over the wavelength to produce the total radiative exchange between
the spheres. The Poynting vector is given in [5] as

hEi!H�j!i

� i!�0

Z
V

d3r0f ��GE�r1; r; !� ��G
�
M�r1; r0; !�hJl�r; !�J�m�r0; !�ig

(2)

where ��GE�r1; r; !� and ��GH�r1; r; !� are the DGFs due to a source at
r. Here, an additional mathematical technique involving kernels
called DGFs, which use second-rank dyad tensors, is incorporated.
DGFs are covered in detail in [10–12]. The integration is performed
over the entire volumeV containing the source,�0 is the permeability
of vacuum, and J�r; !� is the Fourier component of fluctuating
current. To deal with the phenomena of fluctuation, a statistical
average must be included within the formulation. This is denoted as
h�; �i. The equation can be manipulated further by the application of
the FDT developed by Rytov et al. [9]. This theorem states that the
density matrix for thermal fluctuations can be expressed in terms of
��!; T� or the mean energy of the quantum oscillator, where

��!; T� � ℏ!=�exp�ℏ!=kbT� � 1� (3)

There are several different forms of the FDT. The one used in this
work is from [7], shown as follows:

hJl�r; !�J�m�r0; !�i � !"0"00�!���!; T��lm��r � r0� (4)

where "00�!� is the imaginary part of the dielectric function, and "0 is
the permittivity of a vacuum. Details of this calculation process and
applicable computational convergence analysis information are
given in [5,10]. By substitution, the following can then be written:

hEi�r1; !�H�j �r1; !�i

� i"o"
00�!��0!

2��!; T�
�

Z
V

d3rf�GE�r1; r; !�G�H�r1; r0; !��ijg

(5)

The Fourier component of the fluctuating electric and magnetic field
at any point r1 outside a volume containing the sources is given by
[12] as

E �r1; !� � i!�0

Z
V

��GE�r1; r; !� � J�r; !� d3r (6)

H �r1; !� �
Z
V

��GH�r1; r; !� � J�r; !� d3r (7)

where ��GE�r1; r; !� and ��GH�r1; r; !� are the DGFs due to a source
at r.

III. Results

Figure 1 details a comparison between the dipole approximation of
radiative transfer described by Joulain et al. [2] vs the rigorous
method presented by Narayanaswamy and Chen in [5]. Based on
these results, the calculated values agree as the gap increases. This
seems to be true, due to the fact that as the gap increases, the dipole
geometry is more closely duplicated. To maintain accuracy in the
entire range of investigation, the more rigorous method in [5] was
used in the remaining graphs.

Figure 2 shows the results calculated compared with published
results from Narayanaswamy and Chen in [5]. This was done for
microspheres from 1–25 �m at varying separation gaps. Radiative
exchange power over temperature difference vs gap is plotted on a
log–log graph. The data are plottedTA ! TB, as described in [5]. The
radiative exchange between twomicrospheres is analyzed to validate

Fig. 1 Dipole approximation method in [1] vs the more rigorous method presented in [5].
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that computational procedures produce results in a reasonable range,
as with published data. The differences between the two results are
due to the fact that graphical results and not exact numerical values
were given in [5]. The authors estimated the numerical values by
pulling points off the graph of [5] and plotting it with their results.

The radiative exchange between a 25 �m nanosphere and planar
substrate are shown in Fig. 3. Note that the experimental data only
include near-term radiative heat transfer and neglect far-field
radiative effects. The far-field effects had to be subtracted from the
total theoretical radiative exchange computed from the calculation
process in this work. A best-fit line was acquired based on an
equation containing a linear contribution proportional to the gap and
a power contribution inversely proportional to the gap. The linear
contribution representing the far-field effects was then subtracted.
The dark line is the best-fit line corresponding to the experimental
data from [6]. The dotted line is a curve acquired by taking the n from
a bestfit y� Ax�n � B curve for two 25 �m spheres and adjustingA
and B to fit the experimental data. This procedure and data are
presented in [6]. The mean error for this curve is 0:070 nW=K. The
dotted line represents the asymptotic approach used to approximate

the radiative exchange between the planar media and nanosphere.
The results generated were acquired by beginning with two spheres
at 25 �m. One of the spheres was slowly increased and the radiative
exchange recalculated until convergence. Convergence was defined
as 	�x2 � x1�=x1
< 0:05, where x1 and x2 represent two subsequent
calculated results. The radius was increased to approximately
250 �m to reach the convergence criteria. For the cases tested, gap
influenced the time it took for the results to be acquired but did not
have a significant effect on when convergence was achieved. The
mean error of the theoretical asymptotic approximation presented in
this work is 0:032 nW=K. This is a 54% increase in the overall
accuracy from the previously presented data when looking at the
range from 3–10 �m. However, below 3 �m, the results generated
by the asymptotic method in this paper are in agreement with those
calculated by Narayanaswamy et al. [6].

Additional radiative exchange calculations for various nanosphere
scenarios that have not been previously investigated were also ana-
lyzed. Additional configurations include radiative exchange between
spheres of different temperatures, different materials, different radii
ratios, and smaller nanosphere radii down to r� 0:5 nm. These

Fig. 2 Calculated vs published values for microscale silica spheres of equal radii.

Fig. 3 Sphere-to-plane radiative exchange.
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graphs include both the effects of near-field and far-field exchanges.
The results that follow represent these cases. Figure 4 shows results
for the radiative exchange versus gap between two same-sized silica
nanospheres. The range of radii is 50 to 0.5 nm. The temperatures
included are for the cases of TA � 1000, 500, and 300 K.

Several different materials were investigated for consideration of
inclusion in thermal analysis. The primarymaterial of investigation is
amorphous silica, because experimental data, theoretical data, and
resonant behavior of silica at the nanoscale are available in [5,6].
Additional materials considered for investigation were lithium nio-
bate, sodium chloride, cubic carbon, arsenic triselenide-crystalline,
silicon dioxide-alpha crystalline, titanium dioxide, potassium
chloride, silicon monoxide, arsenic triselenide, silicon nitride, and
lithium fluoride. The availability of data, technological applications,
and feasibility toward analysis were assessed. Lithium niobate,
arsenic triselenide-crystalline, silicon dioxide-alpha crystalline, and
titanium dioxide have refractive indexes that varied with axis,
making them difficult for analysis. The softness of sodium chloride
makes its applications limited. The hardness of cubic carbon results
in an unreasonable processing expense to create spherical geom-
etries. Potassium chloride is hygroscopic, attracts water molecules,
and therefore has limited applications. Data for silicon nitride and

silicon monoxide had limited data available. Arsenic triselenide and
lithium fluoride had available data at the frequency range of interest,
refractive index data that did not vary with axis, and technological
applications. For these reasons, these materials were also included in
the analysis. Properties were taken from [18].

Figures 5 and 6 display calculated values similar to Fig. 4 but for
lithium fluoride and arsenic triselenide. These results are for the
temperature case of TA � 300 K. The calculated values range from
1e � 9 to 1e � 22 W=K for arsenic triselenide, and from 1e � 8 to
1e � 9 for lithium fluoride. When comparing the material results in
Figs. 4–6, lithium fluoride is shown to support the greatest degrees of
radiative exchange, with the arsenic triselenide supporting the least.
There is roughly a two-order-of-magnitude difference between the
radiative exchange calculated for lithium fluoride than for the same
configuration in arsenic triselenide.

Physically, the variations amongst materials can be understood by
looking at a selection of spectral data for these materials. Figure 7
shows the resonance regions that occur within the spectral radiative
power exchanged. The cases for each material were chosen such that
the peaks would be approximately between 3e � 11 and 4e � 11 for
plotting purposes. Note that for a gap of 10 nm, the arsenic triselenide
sphere radius must be 20 nm to yield a peak in this range. Since the

Fig. 4 Sphere-to-sphere radiative exchange: silica, equal radii, nanoscale.

Fig. 5 Sphere-to-sphere radiative exchange: lithium fluoride, equal radii, nanoscale.
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resonant peak is much lower in arsenic triselenide for a given
geometry compared with lithium fluoride and silica, it follows that
the overall power will also be lower. Silica is unique in that it has two
peaks. However, thewidth of the peak of the lithium fluoride is much
thicker than silica, yielding a higher total power. In addition, the
smaller sphere radii of 3 nm was required to plot the peak in the
desired range, while silica required a radii of 5 nm. These resonant
regions correspond to the refractive index: specifically, the imaginary
component of the dielectric constant. Peaks occur within the
dielectric constant at electron volts corresponding to the resonant
peaks shown in the spectral plot.

The results shown in Fig. 8 depict the power over temperature
difference calculated for two nanospheres of different radii at varying
gap. These results are for the temperature case of TA � 300 K. All
three of thematerials investigated are displayed. The higher degree of
radiative exchange that exists in lithium fluoride is observed in this
graph when the values are compared with the same configurations of
silica and arsenic triselenide nanospheres. Results ranged from 1e �
18 to 1e � 11 W=K.

To further investigate the dependence of radiative exchange
on radii ratio, calculations were done for the same radii ratio but
with different individual nanosphere radii. These results are
presented in Fig. 9. The radiative exchange is based on both radii of
the spheres. There is a five-order-of-magnitude increase in the value
for the exchange between 1 to 2 nm nanospheres and 10 to 20 nm
nanospheres.

IV. Conclusions

An investigation of near-field radiative heat transfer was con-
ducted. Two methods were calculated and then a comparison was
plotted. The more complex method was used, for accuracy. The
authors’ results generated for silica sphere to silica sphere near-field
transfer at themicroscale agreewith previously published data. Radii
ratios, unequal spheres, and varied-temperature cases at the
nanoscalewere also examined.A newmethod for calculating sphere-
to-plane radiative transfer was presented and results were shown to
agree well with published theoretical and experimental data. The

Fig. 6 Sphere-to-sphere radiative exchange: arsenic triselenide, equal radii, nanoscale.

Fig. 7 Sphere-to-sphere spectral radiative exchange: various materials, equal radii, nanoscale.
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spectral radiative transfer was investigated to understand the
material’s thermal performance.
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